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Abstract

In this paper we define and rank opportunity sets in the space of
individual functionings. A microeconomic foundation of our analysis is
provided by the Sen’s functionings’ theory. We suppose a target vector in
the evaluative space, and we define in a novel way some properties of the
opportunity sets as essentiality and freedom. As a main result, we give
an axiomatic characterization of the ranking induced by the Euclidean
distance between the opportunity sets and the target.
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1 Introduction

Sen defines “the functionings” of an individual in terms of “the command over
the characteristics of goods”, that is the extent to which the individual succeeds
in using the various characteristics of the goods he has access to (Sen, [8]). In
this paper, we construct a theoretical framework to compare and rank individual
opportunity sets as combinations of functionings.

The problem of ranking opportunity sets has been discussed, among oth-
ers, by Pattanaik and Xu, who in their seminal 1990 paper [3] introduced an
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ordering across opportunity sets based on cardinality. Their approach has sub-
sequently been generalized by Klemisch-Ahlert [2]. More recently, Pattanaik
and Xu [4] have studied how “freedom of choice” depends on diversity across
the elements composing the opportunity sets, and Xu [11] has considered the
problem of ranking opportunity sets that are linear budget sets in the space of
functionings. An alternative approach has been developed by Sen [7], [6], who
assigns a central role to individual preferences on the elements of a set in the
evaluation of opportunities provided by it.!

In this paper, we do not study any “indirect ranking” of opportunity sets
based on individual preferences. However, we are interested in stressing the
different conditions of life and the link between some individuals’ attributes
and their opportunities. Since the capacity of transforming goods in personal
realizations depends on the individual process of consumption, various circum-
stances can affect the individuals’ ability to use some commodities, as observed
by Sen: “There may be some accentuation of inequality due to the ’coupling’ of
i) economic inequality and i) unequal advantages in converting incomes into ca-
pabilities, the two together intensifying the problem of inequality of opportunity-
freedoms” (Sen,[7],p.536)...“Differences in age, gender, talents, disability etc.
can make different persons have quite divergent substantive opportunities even
when they have the very same commodity bundle”(Sen, [1],p.209). The empirical
evidence supports the above conjectures. As for the UN Human Development
Index, which cares about a decent standard of living, a long and healthy life
and education, we explore the relationship between the income level and the
two functionings health and education in Italy and in Germany,? and the role
of objective conditions of life (such as the area of residence) in affecting the
individuals’ consumption technology. A clear correlation between income and
functionings appears (see Table 1 in the Appendix 2). In both countries there
is a higher relative incidence of low income individuals - those belonging to the
first two quintiles - for very low education and bad health (E3-H2) and very low
education and very bad health (E3-H1). Conversely, there is a higher relative
incidence of high income individuals - those belonging to the last two quintiles
- for good education and good health (E1-H3). Moreover, by controlling for dif-
ferent areas of residence, the consumption technology (in terms of production
of both health and education) of individuals at the same quintile appears to be
affected by this source of diversity of conditions of life. In Italy, the first two
quintiles show higher percentages of individuals with the worst education and
health conditions in the South than in the North. In fact, the worst couple of
functionings (E3-H1), and in addition also E2-H3 and E3-H3, present opposite
profiles of income distribution in the most advanced and the backward areas,
respectively. As for Germany, a positive correlation between high education
and high income is especially apparent in the West. Similarly to Italy, higher
percentages of low education and good health (E2-H3) can be found in the back-

IFor an overview of the literature, see Sugden [9].

20ur empirical analysis is performed on data collected by the European Community House-
hold Panel for Italy and Germany, as these two countries represent a large sample with a sharp
polarisation across advanced and backward areas.



ward area for the same quintiles. Therefore, a strong correlation between income
and functionings, and different conditions of life inducing different consumption
technologies - are both confirmed by empirical analysis.

In the following, we concentrate attention on a specific aspect of such a
large problem, providing an answer to the following question: “How can we
evaluate different opportunities in terms of functionings, when individuals have
the same income?”. Given a finite number of individuals types and for a fixed
income, we use the Sen’s functionings’theory to obtain compact, convex and
comprehensive opportunity sets in the space of functionings. Then, we develop
a theoretical framework which allows establish an ordering over general families
of opportunity sets.We agree with the relevant literature in considering the set
inclusion principle (a set offers more opportunities than its subsets) as the most
intuitive and acceptable criterion to compare two opportunity sets. Yet, set
inclusion turns out to represent a too weak criterion, as it is silent whenever
two sets mutually intersect or are disjoint. Therefore, we assume the existence
of a bliss point (a target) in the space of functionings and provide an axiomatic
structure which allows us to rank different opportunity sets with respect to
this target. The axioms we adopt are Set Inclusion, FEssentiality, Freedom,
Contraction and Scale Independence. Two features of the axiomatic structure
are worth noting. First, our framework introduces the Essentiality axiom in an
original way: a vector of functionings is evaluated essential (or not) with respect
to the achievement of a given target. Second, the concept of freedom proposed
here consists in the availability of a certain number of options in the opportunity
set, allowing for a certain degree of liberty of choice with respect to a vector
of functionings representing the best approximation to the goals defined by the
target. The ranking that we axiomatically characterize is strictly related to the
complete order induced by the Euclidean distance between the opportunity sets
and the target.

The paper is organized as follows. In section 2, we draw on the Sen’s func-
tioning model the problem of the comparison of compact, convex and compre-
hensive opportunity sets. In Section 3, we develop an axiomatic model aimed
at comparing different individual opportunity sets. Section 4 concludes, also by
providing some hints for further developments.

2 A linear functionings model

A functioning is the extent to which the individual is able to transform the goods’
characteristics in personal realizations. We distinguish between the possession
of a good and the ability to do all can be done with this good. More precisely, let
Rf and Rg be the Euclidean spaces of G goods and C functionings, respectively.
Given a population of N individuals, we suppose a finite number I < N of
individual types. By considering a linear version of the Sen functionings model
(Sen, [8], pp.6-7), consumers purchase and use goods in combinations minimizing
the ‘costs of production’ of the desired functionings. According a twice linear
technology, goods are tranformed into characteristics and characteristics into a



functionings vector. For each type i € I, we define b; € R® the vector that
represents the maximal level of functionings obtained by an individual of type
i consuming one unit of good g. In the case of two functionings, 2! and 23,
produced by four goods: q = ¢1, ., g4 with prices p1,..ps, the efficient frontier in
the space of functionings is given by the boundary of the set obtained by joining
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are those obtained by the individual of type i spending all his (or her) income
in the good g, with ¢ = 1,...,G. In Figure 1, we draw the efficient frontiers in
the functionings space of two different individuals for a given income.

#bég) , with g = 1, ..., 4. These vectors of functionings
g
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We define A = co(0, z;\g =1, ..., G) the convex hull generated by the vector
0 and the vectors zg. We admit that free disposal is allowed, in the sense that,
given a feasible vector of functionings z € A’ and a vector z < z (that is,
every component of z’ is less than or equal to the corresponding component
of z), we assume that z’ € A’. In other terms, we allow production plans z’
generating an equal or smaller amount of functionings by using at least as much
of all inputs than in the production of z.> As a consequence, we interpret the
set A’ and the subset of Rg “below it” as the opportunity set in the space of
functionings of an individual of type ¢, for a fixed level of income. By linearity,
these sets are compact and convex. The property induced by free disposal
assumption is named “comprehensiveness” and it will be formally stated in the
next section. As a further consequence of linearity, observe that the distance
from the origin of the functionings vector produced by an individual of type ¢
who only buys good g is given by: ;% Hb; |, where ||-|| is the Euclidean norm.

Such a distance is linear in income. * Then, for given prices and consumption
technology, an increase in the income level produces a proportional expansion
of the functionings’ efficient frontier. In the next section, we develop a general

3 For instance, the same person can read a book with a different degree of attention or cook
a dish of spaghetti with different care, obtaining, of course, different results.

4The ratio pg/ ||ng” can be considered as subjective price of good g for an individual of
type ¢. The market price is adjusted by the individual productivity in consumption, so that
for people of type 4, a loss in consumption efficiency has the same effect than an increasing in
market price.



model in order to rank opportunity sets in the space of functionings, which can
be used in order to compare the class of opportunity sets presented above.

3 Ranking opportunity sets

3.1 The axiomatic structure

Let V a collection of I compact, convex and comprehensive opportunity sets
belonging to RY. We denote A, B, .... the elements of V. We recall that a set
B € RY is comprehensive if for any b € B, b’ < b implies b’ € B. Our aim is
to define an order - on the elements of V. We respectively define > and « the
asymmetric and symmetric part of 7. When A - B, we say that A provides at
least as opportunities as B.

In order to adapt the notion of set-inclusion in this set up, we introduce the
following:

Definition 1 B C A if for all b € B there exists a vector a € A such that
aj >b; forj=1,..,C.

B C A, if for all b € B there exists a vector a € A such that aj > b; for
j=1,...,C, with > for at least a j.

The following property is generally accepted. It reflects the idea that a set
contents more opportunities than its subsets:

Axiom 1 (I) (Inclusion). For all A,B €V,
BCc A= A>B.

The problems arise when two sets are not comparable by Axiom I. In such
a case, we consider a reference point t, a target in the space of functionings. We
suppose that the target is exogenous: it can be a ‘mean level’ of functionings
fixed by a social observer or a sort of ‘poverty line’.

The main idea on which we found a target-based ranking = is that, given a
target t, not every point of an opportunity set could be evaluated as important.
This principle is formally expressed by the notion of essentiality.

Axiom 2 (E) (Essentiality wrt a target). For a given t € R$+ and for all
A €V, whenever t is not strictly included in A, there exists a compact, convex
and comprehensive set E(A) C A such that:

1. x<tVxe EA),

2. BE(A)~ A

Notice how Axiom E differs from the notion of essentiality proposed by
Puppe [5]. Here the essentiality of a vector of functionings is determined by
the relation between such a vector and the ‘social target’. For instance, if
a vector contains a higher quantity of some functioning than t, it cannot be
essential (imagine, for instance, a level of education equal to a Ph.D.). Moreover,



according to our definition, the notion of essential set is meaningful just for
opportunity sets which do not include the target as an interior point. In fact,
there is not reason to ‘shrink’ very large opportunity sets considering them as
equivalent to the vector t. This also guarantees that Axiom E is independent of
Axioms I. Observe that if the relation 7 satisfies Axiom I, the set E (A) lies on
the boundary of A.

Using the notions of set inclusion and essentiality, it is possible to compare
some opportunity sets as shown in the figure 2 below.

A2 Fig 2
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The crossing between opportunity sets A and B occurs for a level of function-
ing 2 evaluated as uninteresting. On the contrary, over the essential part of
individual functionings, the opportunity set A is clearly larger than B. The
intuitive idea of inclusion between essential sets allows in this case the ranking
of a couple of opportunity sets that the set inclusion principle could not rank.
On the other hand, without introducing other properties of the essential set, it
is easy to find counterexamples for which the converse is true. In the following,
we introduce further axioms which allow us to give an operational content to
the intuition sketched in the previous example. For this purpose, we need some
geometrical tools. First, denoted ||a — t|| the Euclidean distance between vec-
tors a and t, we provide a precise definition of distance between a point and an
opportunity set.

Definition 2 For any A C 'V, the Fuclidean distance d(A,t) between A and
the vector t €ERY, is defined by: inf {||la—t||,|a € A},

We introduce the notion of support hyperplane.

Definition 3 Let A € V and H respectively be a opportunity set and a hyper-
plane. Then H is a support hyperplane of A, if H meets A and A lies in one of
the closed half-spaces determined by H.

In what follows, we provide in more detail the geometric intuition that, given
a target t and an opportunity set A, there exists a point a* of A which is the



nearest one to t. In particular, a* is unique and it lies on the boundary of A.
Moreover, next lemma shows that there exists a hyperplane H, which supports
A in a* and is orthogonal to the line joining t and a*.

Lemma 1 Let A € V be an opportunity set and let t be a target point external
to A. Then there exists a unique point a* of A, belonging to the boundary of A,
such that:

d(a*,t) = inf {|la—t|||a € A}

holds. Moreover, through a* passes a hyperplane H which supports A and is

*

orthogonal to the line A\t + (1—X)a”.

Proof. See Appendix. ®m

If all individuals of a society should converge towards the target, which
represents a desired collection of functionings, the lower is the distance of each
individual opportunity set from t, the higher is the ‘degree of efficiency of it.
For instance, in the model presented in the previous section, a lower amount
of income is needed to reach the target. We complete the notion of essentiality
by an axiom conveying the idea that individual achievements on the space of
functionings have to be warranted by a minimal content of “freedom of choice”.
We introduce this idea by a picture that describes the case of an opportunity
set H in Ri, consisting of a compact and convex portion of a hyperplane.

a3

Fig3

The projection a* of the target on H represents the point of the opportunity
set ‘more efficient in approaching the target’. We require that the essential set
of H has a weak property of symmetry with respect to a*. In particular, we
suppose that for each functioning z = 1,2,3 the essential set E(H) contains
at least a vector with a higher level of the functioning z than the quantity
o} contained in the vector a*. We can imagine that this vector is obtained from



the point a* by renouncing to the production of all the functionings different of

z. In the figure above, the essential set must contain three vectors as x', x? and

x3, such that the quantity of the functioning 1 in x! is higher than a} and the

converse is true for the functionings 2 and 3. Similarly, vector x* has x3 > aj,

73 < aj and 73 < a} . Finally, the vector x> has z3 > a3, ¥3 < a} and 3 < aj.
More generally, we state the following:

Axiom 3 (F) (Freedom) Suppose an opportunity set H given by a positive,
compact and convex portion of the hyperplane of equation hg +h - a = 0, with
hi >0 fori=1,..,C. Let a* = (af,...,a},) be the projection of an exterior target
t on H. Then E(H) must contain vectors x* = (2%,...,x%),with z=1,...,C,
such that the components x5 > aj if j = z and x5 < aj if j % 2.

In order to give an interpretation of the Axiom F, imagine that there is
a factor used in the production of each functioning, e.g. leisure (for a given
income). We suppose that it is possible to reduce the time spent in all the
activities which produce functionings different from a given one - say, health
- in order to spend this time in activities improving the personal health level.
Obviously, the same could be done for education or other functionings. Axiom F
means that it is considered as essential the fact that each type of individual has
the possibility of moving away a little bit from the more “efficiency oriented”
behavior, increasing the production of the functioning she likes more. In the
following remark, we stress that our main results still hold under such a stronger
notion of freedom.

Remark 1 The condition requiring x5 > aj if j = z and x5 < aj if j # z in
Aziom F could be replaced by x% > 0;a3 for some 0; > 1 if j =z and 25 < aj
if 7 # z. In this case, higher ‘degrees of freedom’ could be guaranteed, and with
a different intensity for each functionings.

The next axiom is a technical one, similar to the Nash’s Independence of
Irrelevant Alternatives. It requires that if a vector of functionings a belongs to
the boundary of the essential set of A, and a belongs to the subset B of A, then
the essential set of B must contain a.

Axiom 4 (C) (Essentiality Contraction) Given a € E(A), such that a’ € A
with a’ > a, for any BC A, ifa € B then a € E(B).

Given a linear relation between opportunity sets and income as assumed in in
the previous section, we could require that the ranking between two opportunity
sets has not to be affected by a reduction of the income chosen as reference. In
a more general way, we introduce the following axiom:

Axiom 5 (S) (Scale Independence) Let A, B € V. Suppose that A = B. Then
for any o € (0,1), we have oA = aB.

The asymmetric part of 77 is invariant to proportional “shrinking” of op-
portunity sets. We do not require such an invariance property also for the case
of “expansions” of opportunity sets. In fact, for very high levels of incomes, any
type of individual could reach the target.



3.2 The minimal distance order

The complete order that we will characterize using the previous axioms is de-
noted by Zmin. Such a relation ranks the opportunity sets according to their
distance from the target, with an important exception. In fact, if both opportu-
nity sets contain the target as an interior point, their distance from the target
is zero, and they could be considered as equivalent. On the contrary, we impose
>min 1N case of strict set inclusion and v, otherwise. Formally:

Definition 4 For any A, B € V, we define the relation Zmin as follows:
Arzmin B ifd(At) <d(B,t) whenevert ¢ANDB

A=pin B ifBCA

. whenever t €AN B.
Avpin B otherwise

The next lemma shows under which axioms the minimal distance point of
an opportunity set from the “target” must belong to the essential set.

Lemma 2 If the relation 7~ on'V has essential sets which satisfy Azxiom F and
7 satisfies Azxioms I, C, E, then, for any A € V, we have a* € E(A).

Proof. See Appendix. m
Finally, in the next theorem we provides a characterization of 7 iy.

Theorem 1 Suppose that 7= on V has essential sets which satisfy Axiom F.
Then 7 satisfies Azioms I, E,C, S if and only if 72 = Zmin -

Proof. See Appendix m

4 Conclusions and further extensions

Our analysis is posited in the recent strand of literature which attempts to
overcome the traditional consideration of income as the sole source of inequality
across individuals. In fact, we have constructed an axiomatic framework such
that different individual opportunity sets of functionings, for a given the income
level, can be ranked by the distance from a reference point. In order to render
operationally useful our theoretical model, some improvements are in order.
First of all, the qualitative analysis of the relationship between the income level
on the one side, and the functionings on the other side, should be ameliorated
by resorting to indicators for the functionings which are not exposed to the
risk of producing misleading results. The rigorous measurement of the level of
functionings would also make more meaningful the use of the distance between
the opportunity sets and the social target as the instrument of comparison
of the opportunity sets. Finally, the central question remains of how to give
rigorous foundations to the consideration of an unique target which applies to
all individuals in society. The UN Human Development Index is just an example
of the increasing efforts that the international community is devoting to a precise
assessment of precise standards functionings.
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5 Appendix

Proof of Lemmal

We know that a* exists, it is unique and (t—a*)-(a—a*) < 0 for each ain A
(see Webster, [10] Theorem 2.4.1, p. 65). Moreover, the point a* cannot be an
interior point of A, because in this case, there exists in A some ball containing
a* which also contains other points of A different from a* and nearer to t. Thus,
a* is on the boundary of A. Then, there exists a hyperplane passing from a*
which supports A (see Webster, [10] Theorem 2.4.12, p. 71). Finally, we show
that the hyperplane H passing from a* and orthogonal to the line joining t and
a* is a support for A. Let: hg + a1hi + ... + achc = 0 be the equation of the
hyperplane H, which can also be written: hg +h-a = 0. We also have h; > 0
for i = 1,...,C, given that A is a comprehensive set. Suppose by contradiction
that H does not support A. Then, for some vector & € A, we have: hg + h-
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a > 0, which gives: h- (& — a*) > 0. From the uniqueness of a*, we have:
(t—a*)(a—a*) <0,Vae A Given that t is normal to H and external to it,
we have (t —a*) = Ah, for some positive scalar A. By substitution, we obtain
h-(a—a*) <0, a contradiction.

Proof of Lemma 2

Consider the hyperplane that supports A, perpendicular to the line joining
t and a* = (aj,..,a}) (the point of A with min distance from t ). Consider
now an opportunity set H consisting of the part of this hyperplane lying in the
positive orthant of RY. By construction, we have H O A. Axiom F guarantees
the existence in H of at least C vectors &% = (2%, ..., %), with z = 1, ..., C, such
that % > aj if j =z and 75 <aj if j # 2.

We show now that a* belongs to co(#', ..., ), which implies a* € E(H).

Let hg+ h1Z1 + ...+ h¢@c = 0 be the equation of the hyperplane containing
H and passing through a*. This equation is satisfied by each point .

In order to simplify the problem and without loss of generality, we consider
the case R3. Applying a translation which puts the point a* = (af, a3, a}) in
the origin, we derive from Axiom F the existence in E(H) of three vectors with
coordinates:

~1 ~1 ~1 .
(xlvylazl) = (xl - G/T, Ty — CL;, T3 — a’:’;)vWIth T > 07 U < 07 21 < 0

(T2,Y2, 22) = (3 — af, T3 —a}, 73 —a}),with 22 <0, yo >0, 22 <0 (1)
=3 =3 =3

(x3,Y3,23) = (T — a}, Ty — a3, Ty —a3),with 23 <0, y3 <0, z3 > 0.

The equation of the hyperplane containing H becomes xa 4+ yb + zc¢ = 0,
with a, b, ¢ > 0.

We prove now that the origin can be expressed as a convex combination of
the three points above. Using the equation of the hyperplane and denoting by
(a, 3,7) the elements of the simplex A% we have just to show that the following
homogenous system admits only positive solutions:

y1b+zic yob+zoc ysb+zsc _
,1a1a7 2a257 3a3 (170[7/6)70

yia+yB+ys(l—a—p)=0
zia+ 290+ 23(1—a—pF)=0.

The solutions are:

ﬁ — Y3z1—Y123
Y223—Ysz2+yY3z1—Y123—Y221ty1 22’

— Y223 Y322
Y223 —Y322+Y3z1—Y123—Yy221+y122 "

Denoting y3z1 —y123 = S and Y223 — Y320 = R, we obtain:

_ S
6 T R+S+yize—y221
R

a R+S+y122—y221

11



From z5 = —y% <0and z3= —y% < 0, we find R > 0, and using
conditions (1) we immediately obtain the result.

Finally, assume that a* does not belong to E(A). From a* € F(H) and
A C H, we obtain a contradiction of Axiom C.

Proof of Theorem 1

It is easy to show that ~min satisfies axioms I, E, C, S. Then we show that if
7 on V has essential sets which satisfy Axiom F and 7~ satisfies Axioms I, E,C,
S, then Z = = in . Consider two opportunity sets A and B € V. Three case
have to be considered.

1. Both opportunity sets contain the target. Then essential sets are not
defined and only the inclusion axiom holds, so the proof is trivial.

2. The target t is exterior to A and to B. Let us denote respectively by a* and
b* the points with minimal distance from the target of the opportunity sets
A and B. Suppose by contradiction that A = B, but d(a*,t) > d(b*,t).
By Lemma 2, a* €E(A) and b*€E(B). As a consequence, for some scalar
a > 1 we have E(aA) C E (aB). Two sub cases are then possible.

i)

ii)

Suppose first that for some scalar @ > 1,we have E(aA) C E (aB).
In this case, by inclusion axiom, E(aB) > E(a@A). Hence, by Axiom
E and by transitivity we obtain aB > @A. Due to the axiom B, we
can conclude, multiplying by é both opportunity sets, that B >~ A,
i.e. a contradiction.

Suppose now that for any scalars a > 1 we cannot find the situation
described in the previous point i). Let us multiply then both A and
B by the min « such that d(B,t) = 0. We denote & such a scaler
with & > 1 by construction. After this expansion of the opportunity
set, the target t belongs to the boundary of &B. As a consequence, t
coincides with the essential set of @B and, we have E(aA) C E (aB).
Let us define now the new opportunity set H which is the positive
portion of an hyperplane which supports &éB at the point t. In this
case we have that each vector of E(&A), has all its elements less or
equal to the elements of t. This means that E(&A) lies below H. More
precisely, we have E(&A) C H and, applying the inclusion axiom, we
find H = E(aA). Given that E(H) = t =E(aB) by using Axiom E,
and transitivity we obtain &B > &A. By multiplying both sets by +
and by applying axiom S we find again the contradiction B > A.

3. Ifte Aand t ¢B, if E(B) C A, by applying set inclusion axiom we have
A > E(B) and by essentiality we immediately obtain A > B. On the
other hand we always have, in this case, d(A,t) < d(B,t). If E(B) C A
we can repeat the reasoning of the point 2.ii) above in order to complete
the proof.

12
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